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Abstract
We establish complete asymptotic expansions in terms of certain differential operators for the
Bernstein–Durrmeyer operators with Jacobi weights on the d-dimensional simplices, and for their so-called
natural quasi-interpolants. Our method extensively uses spectral properties of the involved operators. In
particular, we prove new identities for the eigenvalues of the operators. We also show that the obtained
asymptotic expansions can be differentiated term-by-term.
c© 2009 Elsevier Inc. All rights reserved.
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1. Introduction
In this paper we study the multi-dimensional Bernstein–Durrmeyer operators and their
natural quasi-interpolants on d-dimensional simplices with Jacobi weights. We derive complete
asymptotic expansions for the operators and the quasi-interpolants, and for their derivatives.
The corresponding results in the one-dimensional case were obtained by one of the authors
and his coauthors in [1–3]. However, their method does not seem to be extendable to the multi-
dimensional case because the calculations become very complicated, especially in the weighted
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case. To overcome these difficulties, we choose another way and prove our expansions based
on the spectral properties of the involved operators. This new technique does not essentially
depend on the dimension of the problem and on the weights, and thus allows us to give proofs
which work in the general case. In Section 2 we obtain the complete asymptotic expansion for
the multivariate Bernstein–Durrmeyer operator. In Section 3 we show that this expansion can
be differentiated term-by-term. In Section 4 we prove the corresponding results for the natural
quasi-interpolants of the Bernstein–Durrmeyer operators.
2. The Bernstein–Durrmeyer operator
We start with notation. The standard simplex in Rd is given by
Sd := {x = (x1, . . . , xd) ∈ Rd : 0 ≤ x1, . . . , xd ≤ 1, x1 + · · · + xd ≤ 1}.
We will also use the barycentric coordinates
x = (x0, x1, . . . , xd), x0 := 1− x1 − · · · − xd .
Throughout the paper, we will use standard multi-index notation. For example, for x =
(x1, . . . , xd) ∈ Rd and β = (β1, . . . , βd) ∈ Zd we write
xβ := xβ11 · · · xβdd , |β| := β1 + · · · + βd , β! := β1! · · ·βd !.
Multinomial coefficients are defined by
( |β|
β
)
:= |β|!
β! if β = (β1, . . . , βd) ∈ Nd0 and
( |β|
β
)
:= 0
if one of the components βi is negative. We will also use binomial coefficients
( s
m
)
with s ∈ R
and m ∈ N0 which are defined by
( s
m
) := s(s−1)···(s−m+1)m! for m ∈ N and ( s0) := 1.
For given α = (α0, α1, . . . , αd) ∈ Nd+10 , the d-variate Bernstein basis polynomials are
Bα(x) :=
( |α|
α
)
xα = |α|!
α0!α1! · · ·αd ! x
α0
0 x
α1
1 · · · xαdd .
The Jacobi weight function is given by
ωµ(x) := xµ = xµ00 xµ11 · · · xµdd ,
where µ = (µ0, µ1, . . . , µd) ∈ Rd+1 with µi > −1, i = 0, . . . , d. We use the weighted inner
product
〈 f, g〉µ :=
∫
Sd
ωµ(x) f (x) g(x) dx .
For a function f on Sd , the Bernstein–Durrmeyer operator of degree n ∈ N is defined by the
formula
(Mn,µ f )(x) :=
∑
|α|=n
〈 f, Bα〉µ
〈1, Bα〉µ Bα(x). (1)
Here, 1 denotes the constant function equal to one. The Bernstein–Durrmeyer operator is usually
considered on the domain L pµ(Sd), 1 ≤ p < ∞, which is the weighted L p space consisting of
all measurable functions on Sd such that
‖ f ‖p,µ :=
(∫
Sd
ωµ(x) | f (x)|p dx
)1/p
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is finite. For p = ∞, the space C(Sd) of continuous functions is considered instead. Note that
the spaces L pµ(Sd), 1 < p <∞, and C(Sd) are subspaces of L1µ(Sd).
The Bernstein–Durrmeyer operator (1) was introduced by Durrmeyer [16] in 1967, and
independently by Lupas¸ [21] in 1972, in the one-dimensional unweighted case, and studied in
detail by Derriennic [12]. It was generalized to the Jacobi weights and to the multi-dimensional
case by Pa˘lta˘nea [22], Berens and Xu [8], Derriennic [13], and Ditzian [14]. Berens and Xu [8]
pointed out that the sequence {Mn,µ}∞n=0 forms a positive linear summation method for the Jacobi
series; see representation (2) below. Furthermore, they noticed that, in the one-dimensional case,
the Bernstein–Durrmeyer operator (1) for the weight µ =
(
− 12 ,− 12
)
coincides with the de la
Valle´e-Poussin means for the cosine series1 which were introduced by de la Valle´e-Poussin in
1908. The de la Valle´e-Poussin means for the ultraspherical series, which correspond to the case
µ0 = µ1, were introduced by Kogbetliantz [20] in 1922. For general one-dimensional Jacobi
weights, this summation method (and, thus, the Bernstein–Durrmeyer operator) was studied by
Bavinck [4] under additional conditions µ1 ≥ µ0 and either µ0 ≥ − 12 or |µ| ≥ 0.
The Bernstein–Durrmeyer operator in the form (1) was studied by many authors, e.g., [8,7,
10,12–14]; see [6] for further references. It is a positive linear operator with norm equal to 1
(considered as an operator from L pµ(Sd) into L
p
µ(Sd) or from C(Sd) into C(Sd)). It reproduces
constant functions. Its approximation properties are very well studied. For more information see,
e.g., [14] or [6].
It is clear that Mn,µ is a bounded self-adjoint operator on L2µ(Sd). Let Pm denote the space of
algebraic polynomials of total degree at most m. The space L2µ(Sd) can be written as the sum of
spaces of orthogonal polynomials
L2µ(S
d) =
∞⊕
m=0
Em,µ, where
E0,µ := P0 and
Em,µ := {p ∈ Pm : 〈p, g〉µ = 0 ∀g ∈ Pm−1}, m ∈ N.
The spectrum of the Bernstein–Durrmeyer operator is given by the following result.
Theorem A ([12,13,8,14]). For all n ∈ N, the spaces Em,µ, m ∈ N0, are eigenspaces of the
Bernstein–Durrmeyer operator, and
Mn,µ pm = γn,m,µ pm for pm ∈ Em,µ,
where
γn,m,µ =
( n
m
)(
n+d+|µ|+m
m
) .
In particular, γn,m,µ = 0 for n < m.
1 To avoid confusions, we give a formula. For f ∼ ∑∞k=0 fˆk cos kθ , the de la Valle´e-Poussin means are defined
by
∑n
k=0 n! n!(n−k)! (n+k)! fˆk cos kθ . Via the transformation x → θ = arccos(1 − 2x), one obtains the corresponding
summation method for the Chebyshev series.
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Thus, if f =∑∞m=0 pm with pm ∈ Em,µ, the Bernstein–Durrmeyer operator takes the form
Mn,µ f =
n∑
m=0
γn,m,µ pm . (2)
Let Di := ∂∂xi denote the operator of partial differentiation, i = 1, . . . , d , and D :=
(D1, . . . , Dd). We will use multi-index notation and write Ds = Ds11 · · · Dsdd , s = (s1, . . . , sd)
∈ Nd0 .
The following second order differential operator Uµ plays an important role in the analysis of
the Bernstein–Durrmeyer operator [12,13,8,14]
Uµ := −
d∑
i=1
(
ωµ(x)
)−1 Di (ωµ(x) x0xi Di )
−
∑
1≤i< j≤d
(
ωµ(x)
)−1
(D j − Di )(ωµ(x) xi x j (D j − Di )).
In the definition of the operator, we take the negative sign in order to have a positive spectrum.
Since (
ωµ(x)
)−1 Di (ωµ(x) x0xi Di ) = [(µi + 1)x0 − (µ0 + 1)xi ] Di + x0xi D2i
and (
ωµ(x)
)−1
(D j − Di )(ωµ(x) xi x j (D j − Di ))
= [(µi + 1)x j − (µ j + 1)xi ] (D j − Di )+ xi x j [D2j − 2D j Di + D2i ],
one can easily obtain the following representation of the operator Uµ
Uµ =
d∑
i=1
[(|µ| − µi + d)xi − (µi + 1)(1− xi )] Di
−
d∑
i=1
xi (1− xi ) D2i + 2
∑
1≤i< j≤d
xi x j Di D j . (3)
The orthogonal polynomials with respect to the Jacobi weight are eigenfunctions of the
differential operator Uµ. Namely, the following holds.
Theorem B. The differential operator Uµ is densely defined on the Hilbert space L2µ(Sd), and
symmetric. The spaces Em,µ, m ∈ N0, are eigenspaces of Uµ, and
Uµ pm = m (m + d + |µ|) pm, pm ∈ Em,µ.
In the one-dimensional case this follows from the classical differential equation fulfilled by
the Jacobi polynomials. For the multi-dimensional case, see, e.g., [15], formula (2.3.11).
Let I denote the identity operator. Following [6], we set U0,µ := I and define the differential
operators U`,µ of order 2` recursively by
U`+1,µ := 1
(`+ 1)2
(
Uµ − `(`+ d + |µ|)I
)
U`,µ, ` ∈ N0. (4)
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Thus, Uµ = U1,µ. The operators U`,µ were introduced in a different form by Jetter and
Sto¨ckler [19] and studied in [5,6]. The univariate version of U`,µ appeared in [18,2]. The
operators U`,µ are again densely defined and symmetric, and their spectral properties are
described in the following theorem.
Theorem C ([5]). The spaces Em,µ, m ∈ N0, are eigenspaces of the operators U`,µ, ` ∈ N0,
and
U`,µ pm = λ`,m,µ pm, pm ∈ Em,µ,
with
λ`,m,µ =
(m
`
)(m + d + |µ| + `− 1
`
)
. (5)
In particular, λ`,m,µ = 0 for ` > m.
The main result of this section is the following theorem which gives a complete asymptotic
expansion for the operator Mn,µ in terms of the operators U`,µ as n tends to infinity.
Theorem 1. Let x ∈ Sd and q ∈ N. Assume that a function f is bounded in Sd , all its partial
derivatives Dσ f with |σ | ≤ 2q exist in a certain neighborhood of x and are continuous at x.
Then the following asymptotic expansion holds
(Mn,µ f )(x) = f (x)+
q∑
k=1
(−1)k(
n+d+|µ|+k
k
) (Uk,µ f )(x)+ o(n−q), n→∞. (6)
The first result of such type was the well-known Voronovskaya Theorem for the Bernstein
polynomials
(Bn f )(x) :=
n∑
k=0
f
(
k
n
) (n
k
)
xk (1− x)n−k, f ∈ C[0, 1].
In 1932 Voronovskaya [25] proved that
lim
n→∞ n [ f (x)− (Bn f )(x)] = −
1
2
x(1− x) f ′′(x),
if f is twice differentiable at a point x ∈ [0, 1]. This result was extended by Bernstein [9] who
proved that
(Bn f )(x) = f (x)+
2q∑
k=1
1
k! Sn,k(x) f
(k)(x)+ o(n−q), n→∞,
with
Sn,k(x) =
n∑
m=0
(m
n
− x
)k ( n
m
)
xm (1− x)n−m,
if f is 2q times differentiable at x . Asymptotic expansions for different positive operators were
considered by several authors, e.g., [24,11].
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In the case of the Bernstein–Durrmeyer operator, the Voronovskaya-type result
lim
n→∞ n
[
f (x)− (Mn,µ f )(x)
] = (Uµ f )(x)
is due to [12,13,8,14]. The statement of Theorem 1 in the one-dimensional unweighted case was
obtained in [1], and in the one-dimensional case with Jacobi weights in [2].
As we mentioned in the introduction, we will prove this statement using the spectral properties
of the involved operators. The key ingredient of the proof is the following identity for the
eigenvalues of the operators Mn,µ and U`,µ.
Lemma 1. For n ∈ N and m ∈ N0
γn,m,µ = 1+
m∑
k=1
(−1)k(
n+d+|µ|+k
k
) λk,m,µ. (7)
Proof. We substitute representation (5) for λk,m,µ. The right-hand side of (7) becomes
m∑
k=0
(−1)k Γ (n + d + |µ| + 1) k!
Γ (n + d + |µ| + k + 1)
m!
(m − k)! k!
(
m + d + |µ| + k − 1
k
)
= Γ (n + d + |µ| + 1)m!
Γ (n + d + |µ| + m + 1)
m∑
k=0
(−1)k Γ (n + d + |µ| + m + 1)
Γ (n + d + |µ| + k + 1) (m − k)!
×
(
m + d + |µ| + k − 1
k
)
.
Since (−1)k
(
m+d+|µ|+k−1
k
)
=
(−d−m−|µ|
k
)
, we continue using the Vandermonde convolution
1+
m∑
k=1
(−1)k(
n+d+|µ|+k
k
)λk,m,µ = 1(
n+d+|µ|+m
m
) m∑
k=0
(
n + d + |µ| + m
m − k
)(−d − m − |µ|
k
)
= 1(
n+d+|µ|+m
m
) ( n
m
)
= γn,m,µ,
which proves (7). 
Corollary 1. Let p be a polynomial of total degree q. Then the following exact representation
holds
Mn,µ p = p +
q∑
k=1
(−1)k(
n+d+|µ|+k
k
)Uk,µ p. (8)
Proof. By Theorem A, Lemma 1, and Theorem C, we have for pm ∈ Em,µ
Mn,µ pm = pm +
m∑
k=1
(−1)k(
n+d+|µ|+k
k
)Uk,µ pm .
Since p can be represented as a sum of orthogonal polynomials pm , 0 ≤ m ≤ q, (8) holds. 
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To extend (8) to arbitrary functions, we need a statement about the order of the central
moments of the operators Mn,µ. Given a multi-index s = (s1, . . . , sd) ∈ Nd0 and a point
a = (a1, . . . , ad) ∈ Sd , we define for x = (x1, . . . , xd) ∈ Sd a function
ψ sa(x) := (x − a)s =
d∏
i=1
(xi − ai )si .
Lemma 2. Let a ∈ Sd . If 0 ≤ k < |s|2 , then
(Uk,µ ψ sa)(a) = 0. (9)
Proof. Note that ψ sa(a) = 0 for |s| > 0, and this proves the statement for k = 0. Let k = 1 and
|s| > 2. We denote ei := (0, . . . , 0, 1, 0, . . . , 0) ∈ Rd with 1 in the i th position. Using (3) and
the formula
Di ψ
s
a = si ψ s−eia ,
we obtain
(U1,µ ψ sa)(x) =
d∑
i=1
[(|µ| − µi + d)xi − (µi + 1)(1− xi )] siψ s−eia (x)
−
d∑
i=1
xi (1− xi )si (si − 1)ψ s−2eia (x)+ 2
∑
1≤i< j≤d
xi x j si s jψ
s−ei−e j
a (x).
This can be rewritten in the form
(U1,µ ψ sa)(x) =
∑
|m1|=|s|−1
Pm1(x) ψ
m1
a (x)+
∑
|m2|=|s|−2
Pm2(x) ψ
m2
a (x), (10)
where Pm1 and Pm2 are polynomials (which also depend on s). Since |s|−1 > 0 and |s|−2 > 0,
(9) follows for k = 1.
Using definition (4) and representation (10), one easily sees by induction that
(Uk,µ ψ sa)(x) =
2k∑
r=1
∑
|mr |=|s|−r
Pmr (x) ψ
mr
a (x)
with certain polynomials Pmr . From this, (9) follows for |s| − 2k > 0. 
Lemma 3. Let x ∈ Sd , s = (s1, . . . , sd) ∈ Nd0 . Then
(Mn,µ ψ sx )(x) = O
(
n
−
⌊ |s|+1
2
⌋)
, n→∞. (11)
Here buc denotes the integer part of u.
Proof. If |s| = 0, then, since Mn,µ reproduces constant functions, (Mn,µ1)(x) = 1, and thus
(11) holds.
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Now let |s| ≥ 1. By (8) and (9) we have
(Mn,µ ψ sx )(x) =
|s|∑
k=
⌊ |s|+1
2
⌋ (−1)
k(
n+d+|µ|+k
k
) (Uk,µ ψ sx )(x).
Since
(
n+d+|µ|+k
k
)
= O(nk) as n→∞, the statement follows. 
Proof of Theorem 1. Let
T2q,x (t) =
2q∑
`=0
1
`!
∑
|s|=`
(
`
s
)
(Ds f )(x) ψ sx (t)
be the Taylor polynomial of f of order 2q at point x . By arguments due to Sikkema it follows
from Lemma 3 that
(Mn,µ f )(x) = (Mn,µ T2q,x )(x)+ o(n−q), n→∞. (12)
A similar statement for an arbitrary positive linear operator for functions of one variable was
proved by Sikkema [24]. For the sake of completeness, we give here a proof of this fact which is
a slight modification of Sikkema’s proof adapted for functions of several variables.
The hypotheses of the theorem guarantee that the remainder R(t) := f (t) − T2q,x (t) is
bounded in Sd and R(t) = o(‖t − x‖2q), ‖t − x‖ → 0. This means that we can write
R(t) = ‖t − x‖2q h(t), where h is bounded in Sd and h(t)→ 0 as ‖t − x‖ → 0. Put h(x) = 0.
Fix ε > 0. There is a number δ > 0 such that |h(t)| < ε as long as ‖t − x‖ < δ; and there is a
number A1 > 0 such that |h(t)| < A1 for all t ∈ Sd . Define
νδ(t) :=
{
0, ‖t − x‖ < δ,
1, ‖t − x‖ ≥ δ.
Then for all t ∈ Sd we have
|h(t)| < ε + A1 νδ(t).
Consequently, there is a number A2 > 0 such that
| f (t)− T2q,x (t)| = ‖t − x‖2q |h(t)| ≤ ε ‖t − x‖2q + A2 ‖t − x‖2q+2.
Because of positivity of Mn,µ we have∣∣(Mn,µ f )(x)− (Mn,µ T2q,x )(x)∣∣ ≤ ε (Mn,µ (‖ · −x‖2q))(x)
+ A2 (Mn,µ (‖ · −x‖2q+2))(x).
Since
‖t − x‖2q =
(
d∑
i=1
(ti − xi )2
)q
=
∑
|s|=q
(q
s
)
ψ2sx (t),
we conclude from Lemma 3 that (Mn,µ (‖ · −x‖2q))(x) = O
(
n−q
)
, n → ∞. Similarly,
(Mn,µ (‖·−x‖2q+2))(x) = O
(
n−(q+1)
)
, n→∞. Since ε is an arbitrary number, we obtain (12).
Now we finish the proof of Theorem 1 as follows. By Corollary 1,
(Mn,µ T2q,x )(x) = T2q,x (x)+
2q∑
k=1
(−1)k(
n+d+|µ|+k
k
) (Uk,µ T2q,x )(x).
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Taking into account
(Uk,µ T2q,x )(x) = (Uk,µ f )(x) for 0 ≤ k ≤ q
and
(−1)k(
n+d+|µ|+k
k
) (Uk,µ T2q,x )(x) = o(n−q), n→∞, for q + 1 ≤ k ≤ 2q,
we get (6). 
3. Asymptotic expansion for derivatives of the Bernstein–Durrmeyer operator
In this section we will show that the complete asymptotic expansion of derivatives of Mn,µ f
can be obtained by term-by-term differentiation of formula (6).
Theorem 2. Let x ∈ Sd , q ∈ N, and s ∈ Nd0 . Assume that a function f is bounded in Sd , all its
partial derivatives Dσ f with |σ | ≤ 2q + |s| exist and are continuous in a certain neighborhood
of x. Then the following asymptotic expansion holds
(Ds Mn,µ f )(x) = (Ds f )(x)+
q∑
k=1
(−1)k(
n+d+|µ|+k
k
) (Ds Uk,µ f )(x)+ o(n−q),
n→∞. (13)
Theorem 2 in the one-dimensional unweighted case was obtained in [1], and in the one-
dimensional case with Jacobi weights in [2]. We will more or less follow the approach of these
papers.
To prove Theorem 2, we start with a representation for a derivative of Mn,µ f for a smooth
function. Here and further we will use the following notation. For i = 0, 1, . . . , d, we denote
ei := (0, . . . , 0, 1, 0, . . . , 0) ∈ Rd+1 with 1 in the i th position (we start to count with the 0th
position). For µ ∈ Rd+1 and s ∈ Nd0 we denote
µ(s) := µ+ |s| e0 +
d∑
i=1
si ei . (14)
Lemma 4. Let f ∈ C |s|(Sd), then
Ds Mn,µ f =
(
n
|s|
)
(
n+d+|µ|+|s|
|s|
) Mn−|s|, µ(s) Ds f. (15)
This formula for a first order partial derivative was proved by Waldron in [26], Theorem 5.1.
Iteration of Waldron’s formula gives (15).
A derivative Ds Mn,µ f can be also represented as a linear combination of the
Bernstein–Durrmeyer operators applied to the function f itself. This representation does not
require smoothness of f .
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Lemma 5. Let Ds = Dv1 Dv2 · · · Dv|s| with v j ∈ {1, 2, . . . , d}. The following representation
holds
Ds Mn,µ = n!
(n − |s|)!
∑
K⊆{1,2,...,|s|}
(−1)|s|−#K Mn−|s|, µ+∑
k∈K
evk+(|s|−#K ) e0 . (16)
Here #K denotes the number of elements of the set K .
If |s| = 1 and Ds = Dv with some v ∈ {1, 2, . . . , d}, formula (16) takes the form
DvMn,µ = n (Mn−1, µ+ev −Mn−1, µ+e0).
This follows from Waldron’s
(DvMn,µ f )(x) =
∑
|β|=n−1
(
n − 1
β
){
n 〈 f, yβ+ev 〉µ
〈1, yβ+ev 〉µ −
n 〈 f, yβ+e0〉µ
〈1, yβ+e0〉µ
}
xβ ,
see Proof of Theorem 5.1 in [26] (we rewrote the formula in our notation and corrected a
misprint). The general case can easily be proved by induction in s.
Based on Lemma 5, we obtain the following statement, which will allow us to replace a locally
smooth function by a globally smooth one in the proof of Theorem 2. For a given x ∈ Sd and
δ > 0, denote Uδ(x) := {t ∈ Sd : ‖t − x‖ < δ} ∩ Sd .
Lemma 6. Let x ∈ Sd , r ∈ N. Assume that a function f is bounded in Sd , and there is δ > 0
such that all its partial derivatives Ds f , |s| ≤ r , exist and are continuous in Uδ(x). Then there
is a function fˆ ∈ Cr (Sd) such that f = fˆ in Uδ/2(x) and for any s with |s| ≤ r we have
(Ds Mn,µ f )(x) = (Ds Mn,µ fˆ )(x)+ O(n−m), n→∞, (17)
for any m ∈ N.
First we prove the following localization result.
Lemma 7. Let x ∈ Sd . Assume that a function f is bounded in Sd , and there is δ > 0 such that
f (t) = 0 for all t ∈ Uδ(x). Then
(Mn,µ f )(x) = O(n−m), n→∞,
for any m ∈ N.
Proof. Fix m ∈ N. Obviously, for all t ∈ Sd we have
| f (t)| ≤ ‖ f ‖∞ δ−2m ‖t − x‖2m .
Since the operator Mn,µ is positive, we obtain
|(Mn,µ f )(x)| ≤ ‖ f ‖∞ δ−2m (Mn,µ(‖ · −x‖2m))(x) = O(n−m), n→∞,
where the last step follows by Lemma 3 (see Proof of Theorem 1). 
Proof of Lemma 6. Choose a function ϕ ∈ C∞(Sd) such that ϕ(t) = 1 for t ∈ Uδ/2(x) and
ϕ(t) = 0 for t ∈ Sd \ U3δ/4(x). Put fˆ = ϕ f . Obviously, f = fˆ in Uδ/2(x) and fˆ ∈ Cr (Sd).
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Let |s| ≤ r . By Lemma 5,
Ds Mn,µ f = Ds Mn,µ fˆ + n!
(n − |s|)!
∑
K⊆{1,2,...,|s|}
(−1)|s|−#K
×Mn−|s|, µ+∑
k∈K
evk+(|s|−#K ) e0( f − fˆ ).
Application of Lemma 7 for each Mn−|s|, µ+∑k∈K evk+(|s|−#K ) e0( f − fˆ ) with f − fˆ and m + |s|
in place of f and m yields (17). 
Next we will establish a representation of Ds Uk,µ. We start with a partial derivative of first
order.
Lemma 8. For k ≥ 1 we have
Dv Uk,µ = Uk,µ+e0+ev Dv +
|µ| + d + k
k
Uk−1,µ+e0+ev Dv. (18)
Proof. We prove (18) by induction in k. For k = 1, we write using (3)
Dv U1,µ =
d∑
i=1
[(|µ| − µi + d)xi − (µi + 1)(1− xi )] Di Dv −
d∑
i=1
xi (1− xi ) D2i Dv
+ 2
∑
1≤i< j≤d
xi x j Di D j Dv + [(|µ| − µv + d)+ (µv + 1)] Dv
− [(1− xv)− xv] D2v + 2
d∑
i=1
i 6=v
xi Di Dv
=
d∑
i=1
i 6=v
[(|µ| + 2− µi + d)xi − (µi + 1)(1− xi )] Di Dv
+ [(|µ| + 1− µv + d)xv − (µv + 2)(1− xv)] DvDv −
d∑
i=1
xi (1− xi ) D2i Dv
+ 2
∑
1≤i< j≤d
xi x j Di D j Dv + (|µ| + d + 1) Dv
= U1,µ+e0+ev Dv + (|µ| + d + 1) Dv.
Thus,
Dv U1,µ = U1,µ+e0+ev Dv + (|µ| + d + 1) Dv, (19)
which is (18) for k = 1. Now suppose that
Dv Uk−1,µ = Uk−1,µ+e0+ev Dv +
|µ| + d + k − 1
k − 1 Uk−2,µ+e0+ev Dv (20)
is proved. Let us prove (18). By definition (4), we have
k2Uk,µ = Uk−1,µU1,µ − (k − 1)(k − 1+ d + |µ|)Uk−1,µ.
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Using (20) and (19), we write
Dv(k
2Uk,µ) = Dv Uk−1,µU1,µ − (k − 1)(k − 1+ d + |µ|) Dv Uk−1,µ
= Uk−1,µ+e0+ev DvU1,µ +
|µ| + d + k − 1
k − 1 Uk−2,µ+e0+ev Dv U1,µ
− (k − 1)(k − 1+ d + |µ|)
×
(
Uk−1,µ+e0+ev Dv +
|µ| + d + k − 1
k − 1 Uk−2,µ+e0+ev Dv
)
= Uk−1,µ+e0+ev (U1,µ+e0+ev Dv + (|µ| + d + 1) Dv)
+ |µ| + d + k − 1
k − 1 Uk−2,µ+e0+ev (U1,µ+e0+ev Dv + (|µ| + d + 1) Dv)
− (k − 1)(k − 1+ d + |µ|)
×
(
Uk−1,µ+e0+ev Dv +
|µ| + d + k − 1
k − 1 Uk−2,µ+e0+ev Dv
)
.
After a straightforward calculation we obtain
Dv(k
2Uk,µ) = {Uk−1,µ+e0+ev U1,µ+e0+ev Dv − (k − 1)(k + 1+ d + |µ|)
×Uk−1,µ+e0+ev Dv} +
|µ| + d + k − 1
k − 1 {Uk−2,µ+e0+ev U1,µ+e0+ev Dv
− (k − 2)(k + d + |µ|)Uk−2,µ+e0+ev Dv}
+ (2k − 1+ d + |µ|)Uk−1,µ+e0+ev Dv.
Using definition (4) for the expressions in curly brackets, we finally obtain
Dv(k
2Uk,µ) = k2 Uk,µ+e0+ev Dv +
|µ| + d + k − 1
k − 1 (k − 1)
2 Uk−1,µ+e0+ev Dv
+ (2k − 1+ d + |µ|)Uk−1,µ+e0+ev Dv = k2 Uk,µ+e0+ev Dv
+ k(|µ| + d + k)Uk−1,µ+e0+ev Dv.
Dividing the last expression by k2, we get (18). 
The general result can be formulated as follows.
Lemma 9. For k ∈ N0 and s ∈ Nd0 we have
Ds Uk,µ =
k∑
j=0
( |s|
j
) ( |µ|+d+k+|s|−1
j
)
(
k
j
) Uk− j,µ(s) Ds, (21)
with µ(s) as defined in (14).
Note that if |s| < k then
( |s|
j
)
= 0 for j = |s| + 1, . . . , k, so that the sum in (21) can be
replaced by
∑|s|
j=0.
Proof. We will prove (21) by induction in s.
If |s| = 1, the statement of the lemma is trivial for k = 0 and was proved in Lemma 8 for
k ≥ 1.
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Now suppose that (21) is valid for some s. We will show that (21) is also valid for sˆ of the
form sˆ = s + ev with some v ∈ {1, 2, . . . , d}. In this case
Dsˆ Uk,µ = Dv Ds Uk,µ = Dv
 k∑
j=0
( |s|
j
) ( |µ|+d+k+|s|−1
j
)
(
k
j
) Uk− j,µ(s) Ds

=
k−1∑
j=0
( |s|
j
) ( |µ|+d+k+|s|−1
j
)
(
k
j
) DvUk− j,µ(s) Ds + ( |s|k
) ( |µ|+d+k+|s|−1
k
)
(
k
k
) Dv Ds .
Applying Lemma 8 to DvUk− j,µ(s) and taking into account |µ(s)| = |µ| + 2|s|, we continue
Dsˆ Uk,µ =
k−1∑
j=0
( |s|
j
) ( |µ|+d+k+|s|−1
j
)
(
k
j
) {Uk− j,µ(sˆ) Dsˆ + |µ| + 2|s| + d + k − jk − j
×Uk− j−1,µ(sˆ) Dsˆ
}
+
( |s|
k
) ( |µ|+d+k+|s|−1
k
)
(
k
k
) Dsˆ
=
k∑
j=0
( |s|
j
) ( |µ|+d+k+|s|−1
j
)
(
k
j
) Uk− j,µ(sˆ) Dsˆ
+
k−1∑
j=0
( |s|
j
) ( |µ|+d+k+|s|−1
j
)
(
k
j
) |µ| + 2|s| + d + k − j
k − j Uk− j−1,µ(sˆ) D
sˆ .
Changing the summation index in the second sum, we get
Dsˆ Uk,µ =
k∑
j=0

( |s|
j
) ( |µ|+d+k+|s|−1
j
)
(
k
j
)
+
( |s|
j − 1
) ( |µ|+d+k+|s|−1
j−1
)
(
k
j−1
) |µ| + 2|s| + d + k − j + 1
k − j + 1
 Uk− j,µ(sˆ) Dsˆ
=
k∑
j=0
( |s| + 1
j
) ( |µ|+d+k+|s|
j
)
(
k
j
) Uk− j,µ(sˆ) Dsˆ,
which is (21) for sˆ. 
Proof of Theorem 2. Let f be as described in Theorem 2. By Lemma 6, there is a function
fˆ ∈ C2q+|s|(Sd) such that f = fˆ in a certain neighborhood of x and
(Ds Mn,µ f )(x) = (Ds Mn,µ fˆ )(x)+ o(n−q), n→∞.
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We apply Lemma 4 to (Ds Mn,µ fˆ )(x) to obtain
(DsMn,µ f )(x) =
(
n
|s|
)
(
n+d+|µ|+|s|
|s|
) (Mn−|s|, µ(s)Ds fˆ )(x)+ o(n−q).
Applying Theorem 1 to (Mn−|s|, µ(s) Ds fˆ )(x) and taking into account f = fˆ in a certain
neighborhood of x , we obtain
(DsMn,µ f )(x) =
(
n
|s|
)
(
n+d+|µ|+|s|
|s|
) q∑
k=0
(−1)k(
n+d+|µ|+|s|+k
k
) (Uk, µ(s)Ds f )(x)+ o(n−q). (22)
Now let us consider the right-hand side of (13), which we will denote by RS. We substitute
(21) into the right-hand side of (13), shift the summation index in the second sum j → k − j ,
change the order of summation, and shift the index k → k + j :
RS =
q∑
k=0
(−1)k(
n+d+|µ|+k
k
) k∑
j=0
( |s|
k − j
) ( |µ|+d+k+|s|−1
k− j
)
(
k
j
) (U j,µ(s) Ds f )(x)
=
q∑
j=0
(U j,µ(s) Ds f )(x)
q∑
k= j
(−1)k(
n+d+|µ|+k
k
) ( |s|
k − j
) ( |µ|+d+k+|s|−1
k− j
)
(
k
j
)
=
q∑
j=0
(−1) j (U j,µ(s) Ds f )(x)
q− j∑
k=0
(−1)k
( |s|
k
)
(
k+ j
j
)
( |µ|+d+k+ j+|s|−1
k
)
(
n+d+|µ|+k+ j
k+ j
) .
If, in the second sum, |s| < q − j , then
( |s|
k
)
= 0 for k = |s| + 1, . . . , q − j , so that we can
replace
∑q− j
k=0 by
∑|s|
k=0. If, on the other hand, |s| > q − j , then
1(
n+d+|µ|+k+ j
k+ j
) = O (n−(k+ j)) = o(n−q) for k = q − j + 1, . . . , |s|.
Thus,
RS =
q∑
j=0
(−1) j (U j,µ(s) Ds f )(x)
|s|∑
k=0
(−1)k
( |s|
k
)
(
k+ j
j
)
( |µ|+d+k+ j+|s|−1
k
)
(
n+d+|µ|+k+ j
k+ j
) + o(n−q).
Now the second sum can be calculated as follows:
|s|∑
k=0
(−1)k
( |s|
k
)
(
k+ j
j
)
( |µ|+d+k+ j+|s|−1
k
)
(
n+d+|µ|+k+ j
k+ j
) = (|s|)! j !Γ (n + d + |µ| + 1)
Γ (n + d + |µ| + |s| + j + 1)
×
|s|∑
k=0
(−1)k
( |µ| + d + k + j + |s| − 1
k
) (
n + d + |µ| + |s| + j
|s| − k
)
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= (|s|)! j !Γ (n + d + |µ| + 1)
Γ (n + d + |µ| + |s| + j + 1)
|s|∑
k=0
(−|µ| − d − j − |s|
k
) (
n + d + |µ| + |s| + j
|s| − k
)
= (|s|)! j !Γ (n + d + |µ| + 1)
Γ (n + d + |µ| + |s| + j + 1)
(
n
|s|
)
=
(
n
|s|
)
(
n+d+|µ|+|s|
|s|
) 1(
n+d+|µ|+|s|+ j
j
) .
Thus, we finally obtain
RS =
(
n
|s|
)
(
n+d+|µ|+|s|
|s|
) q∑
j=0
(−1) j(
n+d+|µ|+|s|+ j
j
) (U j, µ(s)Ds f )(x)+ o(n−q),
which coincides with the representation for (DsMn,µ f )(x) in (22) up to o(n−q). This proves
the statement. 
4. Natural quasi-interpolants of Bernstein–Durrmeyer operators
Let n ∈ N, r ∈ N0, 0 ≤ r ≤ n. The natural quasi-interpolants of the Bernstein–Durrmeyer
operators of order (r, n) are defined by the formula
M(r)n,µ f :=
r∑
`=0
1( n
`
)U`,µMn,µ f.
They were introduced by Jetter and Sto¨ckler in [19]. It holds M(0)n,µ =Mn,µ and M(n)n,µ
∣∣∣
Pn
= I|Pn .
For 0 ≤ r ≤ n, the quasi-interpolants M(r)n,µ reproduce polynomials of total degree at most r . The
operators were studied in detail in [5,6].
In particular, it was shown in [6] that the quasi-interpolants M(r)n,µ can be represented as linear
combinations of the Bernstein–Durrmeyer operators:
M(r)n,µ f =
r∑
`=0
(−1)`
(r
`
) (n + d + |µ| + r − `
r
)
Mn−`,µ f. (23)
The eigenvalues of the quasi-interpolants M(r)n,µ are given by the following statement.
Theorem D ([5]). For all n ∈ N, 0 ≤ r ≤ n, and m ∈ N0, the spaces Em,µ are eigenspaces of
the quasi-interpolants M(r)n,µ, and
M(r)n,µ pm = γ (r)n,m,µ pm for pm ∈ Em,µ,
with
γ (r)n,m,µ = γn,m,µ
r∑
`=0
λ`,m,µ( n
`
) .
In particular, γ (r)n,m,µ = 0 for n < m, and γ (r)n,m,µ = 1 for m ≤ r ≤ n.
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A Voronovskaya-type result for the quasi-interpolants M(r)n,µ was proved in [5]:
lim
n→∞
(
n
r + 1
)[
f (x)− (M(r)n,µ f )(x)
]
= (Ur+1,µ f )(x) for all f ∈ C2(r+1)(Sd).
In this section we will establish a complete asymptotic expansion for the operators M(r)n,µ.
Theorem 3. Let x ∈ Sd , q, r ∈ N. Assume that a function f is bounded in Sd , all its partial
derivatives Dσ f with |σ | ≤ 2(q + r) exist in a certain neighborhood of x and are continuous at
x. Then the following asymptotic expansion holds
(M(r)n,µ f )(x) = f (x)+
q∑
k=r+1
(−1)k−r
(
k−1
r
)
(
n+d+|µ|+k
k
) (Uk,µ f )(x)+ o(n−q),
n→∞. (24)
The complete asymptotic expansion (24) in the one-dimensional case (with Jacobi weights)
was obtained in [3].
The analogue of Lemma 1 for M(r)n,µ is the following identity for the eigenvalues of the
operators M(r)n,µ and Uk,µ.
Lemma 10. For n ∈ N, 0 ≤ r ≤ n, and m ∈ N0
γ (r)n,m,µ = 1, if m ≤ r, and
γ (r)n,m,µ = 1+
m∑
k=r+1
(−1)k−r
(
k−1
r
)
(
n+d+|µ|+k
k
) λk,m,µ, if m ≥ r + 1. (25)
Proof. It follows from the representation (23) that
γ (r)n,m,µ =
r∑
`=0
(−1)`
(r
`
) (n + d + |µ| + r − `
r
)
γn−`,m,µ.
We substitute for γn−`,m,µ the representation (7) from Lemma 1 and obtain
γ (r)n,m,µ =
r∑
`=0
(−1)`
(r
`
) (n + d + |µ| + r − `
r
)  m∑
k=0
(−1)k(
n−`+d+|µ|+k
k
) λk,m,µ

=
m∑
k=0
(−1)k λk,m,µ
r∑
`=0
(−1)`
(r
`
) ( n+d+|µ|+r−`r )(
n+d+|µ|+k−`
k
) .
The second sum can be calculated as follows
r∑
`=0
(−1)`
(r
`
) ( n+d+|µ|+r−`r )(
n+d+|µ|+k−`
k
) = r∑
`=0
(−1)`Γ (n + d + |µ| + r − `+ 1)
(r − `)!Γ (n + d + |µ| + 1)
× Γ (n + d + |µ| + k + 1)
`!Γ (n + d + |µ| + k − `+ 1)
Γ (n + d + |µ| + 1)k!
Γ (n + d + |µ| + k + 1)
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= 1(
n+d+|µ|+k
k
) r∑
`=0
(−1)`
(
n + d + |µ| + k
`
)
× (n + d + |µ| + r − `) · · · (n + d + |µ| + 1)
(r − `)!
= (−1)
r(
n+d+|µ|+k
k
) r∑
`=0
(
n + d + |µ| + k
`
)(−n − d − |µ| − 1
r − `
)
= (−1)
r(
n+d+|µ|+k
k
) (k − 1
r
)
,
so that
γ (r)n,m,µ =
m∑
k=0
(−1)k−r
(
k−1
r
)
(
n+d+|µ|+k
k
) λk,m,µ.
Since
(
k−1
r
)
=
(−1
r
)
= (−1)r for k = 0 and
(
k−1
r
)
= 0 for 1 ≤ k ≤ r , we obtain (25). 
Corollary 2. Let p be a polynomial of total degree q. Then
M(r)n,µ p = p, if q ≤ r, and
M(r)n,µ p = p +
q∑
k=r+1
(−1)k−r
(
k−1
r
)
(
n+d+|µ|+k
k
) Uk,µ p, if q ≥ r + 1.
Proof of Theorem 3. By (12),
(Mn−`,µ f )(x) = (Mn−`,µ T2(q+r), x )(x)+ o(n−(q+r)), n→∞,
where T2(q+r), x denotes the Taylor polynomial of f of order 2(q + r) at point x . By (23), taking
into account
(
n+d+|µ|+r−`
r
)
= O(nr ),
(M(r)n,µ f )(x) =
r∑
`=0
(−1)`
(r
`
) (n + d + |µ| + r − `
r
)
×
{
(Mn−`,µ T2(q+r), x )(x)+ o
(
n−(q+r)
)}
= (M(r)n,µ T2(q+r), x )(x)+ o(n−q).
The statement of the theorem follows now from Corollary 2. 
The complete asymptotic expansion for the derivatives of the quasi-interpolants is given by
the following statement.
Theorem 4. Let x ∈ Sd , r, q ∈ N, and s ∈ Nd0 . Assume that a function f is bounded in Sd ,
all its partial derivatives Dσ f with |σ | ≤ 2(q + r) + |s| exist and are continuous in a certain
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neighborhood of x. Then the following asymptotic expansion holds
(Ds M(r)n,µ f )(x) = (Ds f )(x)+
q∑
k=r+1
(−1)k−r
(
k−1
r
)
(
n+d+|µ|+k
k
) (Ds Uk,µ f )(x)+ o(n−q),
n→∞. (26)
Theorem 4 in the one-dimensional (weighted) case was obtained in [3].
Proof. Taking the linear combination (23) and substituting expansion (13) of order q + r for
(Ds Mn−`,µ f )(x), we obtain
(Ds M(r)n,µ f )(x) =
r∑
`=0
(−1)`
(r
`
) (n + d + |µ| + r − `
r
)
(Ds Mn−`,µ f )(x)
=
r∑
`=0
(−1)`
(r
`
) (n + d + |µ| + r − `
r
)
×

q+r∑
k=0
(−1)k(
n−`+d+|µ|+k
k
) (Ds Uk,µ f )(x)+ o (n−(q+r))

=
q+r∑
k=0
(−1)k (Ds Uk,µ f )(x)
r∑
`=0
(−1)`
(r
`
) ( n+d+|µ|+r−`r )(
n+d+|µ|+k−`
k
) + o(n−q).
The second sum was already calculated in the proof of Lemma 10. Thus, we get
(Ds M(r)n,µ f )(x) = (Ds f )(x)+
q+r∑
k=r+1
(−1)k−r
(
k−1
r
)
(
n+d+|µ|+k
k
) (Ds Uk,µ f )(x)+ o(n−q).
Since 1(
n+d+|µ|+k
k
) = o(n−q) for q + 1 ≤ k ≤ q + r , we obtain (26). 
Remark. We proved the asymptotic expansions in Theorems 1–4 under the assumption that a
function f is bounded in Sd . However, one can avoid this assumption if f belongs to L pµ(Sd)
with p > 1 (and possesses the required smoothness properties). Indeed, in the last case we can
replace f by a function fˆ which is bounded in Sd and coincides with f in a certain neighborhood.
The rest follows from the following statement which is an extension of the localization result of
Lemma 7.
Let x ∈ Sd . Assume that f ∈ L pµ(Sd), p > 1, and there is δ > 0 such that f (t) = 0 for all
t ∈ Uδ(x). Then
(Mn,µ f )(x) = O(n−m), n→∞, (27)
for any m ∈ N.
Proof. We give a proof for 1 < p < ∞. The Bernstein–Durrmeyer operator (1) can be
represented in the form
(Mn,µ f )(x) =
∫
Sd
f (t) Kn,µ(x, t) ωµ(t) dt,
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where
Kn,µ(x, t) =
∑
|α|=n
1
〈1, Bα〉µ Bα(x) Bα(t).
Take q such that 1p + 1q = 1 and an integer k with k > mq . By Ho¨lder inequality,
|(Mn,µ f )(x)| ≤
∫
Sd
| f (t)|
(‖t − x‖
δ
)2k/q
Kn,µ(x, t) ωµ(t) dt
≤
(∫
Sd
| f (t)|p Kn,µ(x, t) ωµ(t) dt
)1/p
×
(∫
Sd
(‖t − x‖
δ
)2k
Kn,µ(x, t) ωµ(t) dt
)1/q
= ((Mn,µ | f |p)(x))1/p δ−2k/q ((Mn,µ ‖ · −x‖2k)(x))1/q .
Since | f |p ∈ L1µ(Sd) and f is continuous at x , there holds (Mn,µ | f |p)(x) → | f (x)|p = 0 as
n→∞. As (Mn,µ ‖ · −x‖2k)(x) = O(n−k) as n→∞ by Lemma 3, (27) follows.2 
Results of Theorems 1–4 can be transferred to the limit operators of the Bernstein–Durrmeyer
operators as some or all exponents µ j in the definition of the weight ωµ go to −1+ (e.g. [23,
26]). This will be done in detail in a subsequent paper.
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